The u-cohomology groups with coefficients in infinite-dimensional irreducible unitarizable highest weight modules are introduced for the general linear superalgebra. The corresponding cohomology groups associated with a large class of infinite-dimensional irreducible unitarizable representations known as the oscillator representations are computed explicitly. Results lead to a more detailed understanding of the character formula for such modules derived in an earlier publication using other methods.
Let N be the set of all positive integers and Z + = N ∪ {0}. For fixed p ∈ N, m ∈ Z + and n ∈ N ∪ {∞}, we set I 0 := {1, 2, . . . , p}, J 0 := {p + 1, p + 2, . . . , p + m}, J 1 (n) := {p + m + 1, p + m + 2, . . . , p + m + n} for n ∈ N; J 1 (n) := {k ∈ N | k p + m + 1} for n = ∞, J(n) := J 0 ∪ J 1 (n) and I(n) := I 0 ∪ J(n). Note that J 0 = ∅ when m = 0.
The Lie algebra gl(p + m + n)
For n ∈ N ∪ {∞}, we let C p+m+n stand for the complex space of dimension p + m + n with the standard basis {e i | i ∈ I(n)}. For n ∈ N, let g n = gl(p + m + n) be the general linear algebra which acts naturally on C p+m+n . In the case of n = ∞, we let g n = g ∞ consist of linear transformations vanishing on all but finitely many e j 's. For n ∈ N ∪ {∞}, denote by {E ij | i, j ∈ I(n)} the set of matrix units in g n . Therefore {E jj | j ∈ I(n)} spans the standard Cartan subalgebra h n , while {E ij | i j} spans the standard Borel subalgebra b n . Let j ∈ h * n be determined by j , E ii = δ ij for i, j ∈ I(n). Then (g n ) := { i − j | i = j, i, j ∈ I(n)} is the set of all roots. We denote the set of positive and negative roots by ± (g n ) determined by b n , respectively. The set {α i | i 1, i + 1 ∈ I(n)} is a set of simple roots of g n = [g n , g n ] where α i := i − i+1 for all i 1 such that i + 1 ∈ I(n). For λ ∈ h * n we denote by L(g n , λ) the irreducible highest weight g n -module with highest weight λ.
The Lie algebra g n contains subalgebra
The subalgebra l n ∼ = gl(p) ⊕ gl(m + n) as Lie algebras, which is a regular subalgebra of g n in the sense that its standard Borel subalgebra of l n is contained in b n , and the corresponding Cartan subalgebra is identified with h n . Moreover, g n has a decomposition as vector spaces
where u n := i p<α CE iα and u − n := i p<α CE αi are commutative subalgebras of g n . Then (l n ) = (g n ) ∩ ( i =p Zα i ), (u n ) = + (g n ) \ (l n ) and (u − n ) = − (g n ) \ (l n ) are the roots of l n , u n and u − n , respectively. Note that u − n ∼ = C p * ⊗ C m+n as l n -modules, where the actions of l n on C p * ⊗ C m+n are defined in the obvious way.
Letȟ * n denote the subspace of h * n generated by all j 's. Note thatȟ * n = h * n when n ∈ N. For n, N ∈ N ∪ {∞} with n < N, there is an obvious way to identified h * n with the subspace ofȟ * N spanned by 1 , 2 , . . . , p+m+n . In particular, we have h * n ⊂ȟ * ∞ . The element λ ∈ȟ * ∞ is said to have depth k, if λ(E kk ) = 0, and λ(E tt ) = 0 for all t > k. We shall use the notation depth(λ) for the depth of λ. Any λ ∈ȟ * ∞ with depth(λ) p + m + n will be regarded as an element in h * n defined by λ(E ii ) = λ i for all i n.
Define a bilinear map (·|·) c : h * n ×ȟ * n → C defined by (λ|δ j ) c := λ (E jj ) , λ ∈ h * n , j ∈ I(n).
Let ρ c ∈ h * ∞ be determined by ρ c (E jj ) = m + p − j + 1 for all j 0.
The Lie superalgebra gl(p + m|n)
Now we let C p+m|n stand for the complex superspace of dimension p +m|n with the standard basis {e i | i ∈ I(n)}. We assume that deg e i = 0 and 1 if i p and i > p, respectively. For n ∈ N, let g n := gl(p + m|n) be the general linear superalgebra acting naturally on C p+m|n . In the case of n = ∞, we let g n = g ∞ consist of linear transformations vanishing on all but finitely many e j 's. For n ∈ N ∪ {∞}, denote by {E ij | i, j ∈ I(n)} the set of elementary matrices in g n . Therefore {E jj | j ∈ I(n)} spans the
} is the set of all roots. We denote the set of positive and negative roots by ± (g n ) determined by b n , respectively. The set {β i | i 1, i + 1 ∈ I(n)} is a set of simple roots of g n = [g n , g n ] where β i := δ i − δ i+1 for all i 1 such that i + 1 ∈ I(n). For λ ∈ h * n , we denote by L(g n , λ) the irreducible highest weight g n -module with highest weight λ.
The Lie superalgebra g n contains subalgebrā
The subalgebral n ∼ = gl(p) × gl(m|n) is a regular subalgebra of g n . Let u n := i p<α CE iα and u − n := i p<α CE αi . Then as vector spaces
Letȟ * n denote the subspace of h * n generated by all δ j 's. Note thatȟ * n = h * n when n ∈ N. For n, N ∈ N ∪ {∞} with n < N, there is an obvious way to identified h * n with the subspace ofȟ * N spanned by 
Define a bilinear map (·|·)
s : h * n ×ȟ * n → C defined by (λ|δ j ) s := (−1) [ j] λ(E jj ), λ ∈ h * n , j ∈ I(n); [ j] := 0, j p + m, 1, j > p + m. Let ρ s ∈ h * ∞ be determined by ρ s (E jj ) = m + p − j + 1 for j p + m, and ρ s (E jj ) = m + p − j for j > p + m.
Unitarizable modules over gl(p + m|n)
We recall some basic facts about * -superalgebras and their unitarizable modules. A * -superalgebra is an associative superalgebra A together with an anti-linear anti-involution ω : 
The Lie algebra g n has a natural anti-linear anti-involution σ defined, for all i, j ∈ I 0 and α, β ∈ J(n), by
The Lie superalgebra g n also has a natural anti-linear anti-involution σ defined, for all i, j ∈ I 0 and α, β ∈ J(n), by
A g n -module (respectively, g n -module) is called unitarizable if it is a unitarizable g n -module (respectively, g n -module) with respect to the * -structure σ .
By a partition λ of length k we mean a non-increasing finite sequence of non-negative integers (λ 1 , . . . , λ k ). The length of λ is denoted by l(λ). The depth of a partition, denoted by depth(λ), is the number of positive integers in λ. The size of a partition λ, denoted by |λ|, is the sum of all λ i . We will let λ denote the transpose of the partition λ. For example, if λ = (4, 3, 1, 0, 0), then l(λ) = 5, depth(λ) = 3, |λ| = 8 and λ = (3, 2, 2, 1). By a generalized partition of length k, we shall mean a non-increasing finite sequence of integers (λ 1 , . . . , λ k ). In particular, every partition is a generalized partition of non-negative integers. n and (λ − ) * p+1 = 0. Let X ∞ be the subset ofȟ * ∞ consisting of elements of the following forms
Let X n be the subset of X ∞ consisting of elements of the forms (3.2) such that λ p+m+1 n. We also let X ∞ be the subset ofȟ * ∞ consisting of elements of the following forms
with λ i ∈ Z, λ i λ i+1 , ∀i = p, and λ j = 0, for j 0, where μ denotes the transpose partition of (λ p+m+1 , λ p+m+2 , λ p+m+3 , . . .). Let X n be the subset of X ∞ consisting of elements of the forms (3.3) such that λ p+m+1 n. Definition 3.1. We define the map : X ∞ → X ∞ which sends the element of the form (3.2) to the element of the form (3.3).
Clearly, is a bijection. Also gives a bijection between X n and X n .
be the subset of X ∞ consisting of elements of the following forms
It is clear that gives a bijection between
, using the same construction as in [CLZ] one can easily see that
For n ∈ N ∪ {∞} and λ ∈ P p d such that depth(λ) p + m + n, by using the same construction as in [CLZ] , one can show that L(g n , λ) are unitarizable g n -modules.
The following lemma can be easily proved by induction.
Lemma 3.1.
. Now we can give a proof of the following theorem, which is a special case of a result of Jakobsen theorem [Ja] . The proof uses the existence of those unitarizable representations constructed in [CLZ] . Proof. It has been shown in [CLZ] 
We will only prove the converse in the case p, m > 0; the other cases can be proved similarly. Let L(g n , ξ) be a unitarizable highest weight g n -module and v ξ its highest weight vector with v ξ = 1. We may assume ξ p+m+n = 0 by tensoring with the 1-dimensional unitarizable module
We shall prove the theorem by dividing into two cases k 0 > 1 and
Therefore we have ξ p+m k 0 − 1 by Lemma 3.1.
By Lemma 3.1 again and w = 0, we have
For the case k 0 = 1, let j 0 denote the number of the elements in the set { j | ξ p+ j = 0, 1
(m, n), we need to prove that ξ p+m 0 and ξ 1 −(p
A direct computation as above shows
The proof is completed. 2
Generalities on u-cohomology
Let M = M 0 ⊕ M 1 be a superspace such that M 0 and M 1 are the even part and odd part, respectively. For v ∈ M k , we let |v| := k. Let T (M) be the tensor algebra of M. Then T (M) is a Z 2 -graded associative algebra with a canonical Z-gradation. The exterior algebra of M is the quotient algebra ΛM := T (M)/ J , where J is the Z-graded two-sided ideal of T (M) generated by the elements of the
for homogeneous elements x and y of M (see, for example, [SZ] ). It is well known that ΛM is also a superspace with a Z-gradation inherited from T (M). More precisely, we have ΛM =
where Λ k M is the set of all homogeneous elements of degree k in ΛM with respect to the Z- 
Let {y i | i ∈ I} and {y j | i ∈ J } be bases of M 0 and M 1 respectively. Then ΛM can be treated as a Z 2 -graded algebra over C generated by the homogeneous elements y j 's satisfying the relations:
can be extended to a linear map of degree
If M is a module over a Lie superalgebra g, the superspace ΛM also has g-module structure defined as follows
for all homogeneous elements X ∈ g and z i ∈ M.
Let V = V 0 ⊕ V 1 be a module over a Lie superalgebra u n . For n, k ∈ N, the k-th cohomology group H k (u n , V ) of u n with coefficient in a u n -module V is the k-th right derived functor of the left exact functor from the category of U(u n )-modules to the category of vector spaces given by V → V u n , where V u n := {v ∈ V | X v = 0, ∀X ∈ u n }. By using the Koszul resolution of the trivial module C [KK] , one can show in the usual way that H k (u n , V ) is equal to the k-th cohomology group of the following complex (see also [SZ] ): 
It is clear that hom
when M is h n -module with n ∈ N. Analogous results is also true for h n -module. Also, it is easy to see that for n ∈ N ∪ {∞} and λ ∈ P
h n -(respectively, h n -)modules. Let V be a u ∞ -module such that for each v ∈ V and j 0, we have E ij v = 0. We assume further that V is also a weight h ∞ -module. Note that V = L(g ∞ , ξ) with ξ ∈ P 
where d k is defined by (4.2) with n = ∞. It is clear that d k are well defined. Now we assume that V is a g n -module. Then V is also anl n -module by restriction. On the other hand, Λ(u n ) is also anl n -module induced from the adjoint action ofl n on u n defined by (4.1). Thus hom C (Λ j u n , V ) arel n -modules. Moreover, we have the following proposition. 
and some further manipulations lead to On the other hand, the adjoint actions ofl n on u n and u − n induce natural actions ofl n on Λ(u n ) and Λ(u − n ). There is an isomorphism Φ ofl n -modules from u − n to u * n defined by Φ(X)(Y ) := str( X Y ), for X ∈ u − n and Y ∈ u n . This extends to an isomorphism ofl n -modules from Λ(u − n ) to Λ(u * n ) which will also be denoted by Φ. Hereafter str(Y ) stands for the supertrace of Y for any Y ∈ g n . Hence, we have isomorphisms ofl n -modules:
n . Then the k-th cohomology group H k (u n , V ) equals the k-th cohomology group of the following complex:
homomorphisms ofl n -modules of degree 0 by Proposition 4.1. For the rest of the paper, we will use the complex (4.4) defined above to compute the cohomology groups H k (u n , V ).
u-Cohomology of unitarizable modules over gl(p + m|n)
Let DΛ(u − n ) denote the oscillator superalgebra generated by the even variables y αi ,
γ ∈ J 0 ) and odd variables y β j , ∂ ∂ y β j ( j ∈ I 0 , β ∈ J 1 (n)) satisfying the relations:
Then DΛ(u − n ) naturally acts on Λ(u − n ), thus forms a subalgebra of End(Λ(u − n )). The superalgebra DΛ(u − n ) admits the * -structure defined by
where i ∈ I 0 and α ∈ J(n). There exits a unique contravariant Hermitian form ·|· on Λ(u − n ) with 1|1 = 1 with respect to the action of DΛ(u − n ). By using the 'particle number' basis relative to which the operators y αi ∂ ∂ y αi , for all i, α, are simultaneously diagonalizable, one can easily show that the form ·|· is positive definite.
The natural actions ofl n on Λ(u − n ) can be represented by derivations as follows. For each i ∈ I 0 and γ ∈ J(n), then E γ i ∈ u − n and we let y γ i be the image of E γ i in Λ(u − n ) under the natural embedding.
For any η ∈ Λ(u − n ),
(5.3) By (5.2) and (5.3),l n can be embedded into DΛ(u − n ) and by (5.1), the induced * -structure ofl n from DΛ(u − n ) equals to the * -structure σ of g n restricted tol n . Hence the Hermitian form ·|· on Λ(u − n )
is also contravariant with respect to the actions of (l n , σ ). 
Then it follows from Proposition 4.1 that
(5.5)
, and define the Laplacian operator
By Proposition 4.1 and (5.5), commutes with the action ofl n . That is, X − X = 0, for all X ∈l n .
It is an elementary fact that for any x in the inner product space 
where each subspace forms al n -module. Furthermore, is positive semi-definite, and for each k 0,
The Laplacian
Let V = μ∈ȟ * n V μ be a g n -module with weight-μ space V μ such that for each v ∈ V and j 0,
The Casimir operator is a linear map from V to itself defined by
It is easy to see that Ω g n commutes with the action of g n on V . Therefore, if V is a highest weight g n -module generated by a highest weight vector with weight λ such that
Note that Ω¯l n commutes with the action ofl n on V and 
where ind (α, β, v) 
The first term on the right-hand side can be re-written as
and the second term can be cast into α,β∈J(n) (−1) ind (α,β,v) 
By combining these results together and carry out some further simplifications, we arrive at
are unitarizablel n -modules for all i 0 since every unitarizable g nmodule is also a unitarizablel n -module and Λ i u n are unitarizablel n -modules. Therefore the spaces C i (u − n , ξ) decompose into direct sums of irreducible unitarizablel n -modules. Since C i (u − n , ξ) are weight h n -modules, every irreduciblel n -module appearing in C i (u − n , λ) has finite multiplicity. Let
(5.7)
For n ∈ N ∪ {∞} and ζ ∈ȟ * n , we let M(ξ ) with highest weight γ . In this case it immediately follows from Proposition 5.2 that
It was shown in [CW] that as anl n -module
where λ is summed over all partitions with |λ| = k, l(λ) = p and λ m+1 n. Here r stands for r, if r ∈ N, and 0, otherwise. Finally, one can easily show by induction on the depth of λ that
for some partition λ with depth(λ) = p. This completes the proof of the proposition. 2
For n ∈ N, we define a map p n : (m, n), using the decomposition (5.9) and Theorem 4.1 in [CLZ] , we have
where v ∈ L(g n , λ) and η ∈ Λ k u − n . Note that d k are homomorphisms of l n -modules and hence the
By using similar arguments as those used in proving the decomposition (5.7), one can show that the spaces C i (u − n , λ) decompose into direct sums of irreducible unitarizable l n -modules with finite
(6.1)
A result similar to Proposition 5.1 can be established in this case. Thus there is a Laplacian acting
We remark that the above statements on the Lie algebra g n and its modules can all be deduced from our previous calculations for g n by choosing n = 0 and replacing m by m + n.
Using the same arguments as those used for proving Proposition 5.4 and also the discussion above, we arrive at the following proposition.
Proposition 6.1. For n ∈ N and λ ∈ P L(g n , λ) ) with the same multiplicity as that of the irreducible l ∞ -module M(λ)
For n ∈ N, we recall that + (g n ) and + (l n ) denote the set of all positive roots of g n and l n defined in Section 2, respectively. We denote by W n and W l n the Weyl groups of g n and l n , respectively. To each λ ∈ P p d with depth(λ) p + m + n, we define the set Q λ n to be the subset of W n consisting of the reflections s α , where α ∈ (u n ) satisfying the following two conditions [E,DES] :
We define W λ n to be the subgroup of W n generated by the set Q λ n . Associated to W λ n one may define a root system λ (g n ) consisting of the roots γ ∈ (g n ) such that s γ lies in W λ n . In fact, λ (g n ) is an abstract root system of type A and W λ n is the Weyl group of λ (g n ) [E] (see also Lemma 6.1 below). We also set λ (l n ) := λ (g n ) ∩ (l n ), λ + (g n ) := λ (g n ) ∩ + (g n ), and λ + (l n ) := (l n ) ∩ λ + (g n ).
Remark 6.1. Note that our definition of W λ n is actually the definition of W λ+ρ n in [E] and [DES] , where ρ is the half-sum of all positive roots of g n .
For n ∈ N ∪ {∞} and λ ∈ȟ * n with (λ|α) c ∈ R for all α ∈ (l n ), we let λ denote the unique + (l n )-dominant element in the W l n -orbit of λ.
The following proposition is a direct consequence of Enright's theorem [E,DES] in view of Proposition 6.1 and the decomposition (6.1). 
Proof. It is enough to compare the characters of C i (u − ∞ , λ ) and C i (u − ∞ , λ). We will use the same notation as in [CLZ] . In particular, we denote by S μ and HS μ respectively the Schur function and hook Schur function associated with a partition μ, and by C λ μν Littlewood-Richardson coefficients. By Theorem 4.1 and Theorem 6.1 in [CLZ] 
λ). 2
We recall the following useful lemma. 
